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Abstrat
We prove that an additive trak ategory with strong oproduts is equivalent to the ategory
of pseudomodels for the algebrai theory of nil2 groups. This generalizes the lassial statement
that the ategory of models for the algebrai theory of abelian groups is equivalent to the ategory
of abelian groups. Dual statements are also onsidered.
1 Introdution
We explore in this paper the struture of additive trak ategories. A trak ategory is a 2-ategory
C in whih every 2-morphism (alled a trak) is invertible. One an dene a homotopy relation on
the morphisms of a trak ategory: two morphisms are homotopi if there exists a 2-morphism
between them. We obtain in this way the homotopy ategory ho(C) of the trak ategory C
by identifying homotopi morphisms, and there is a anonial projetion funtor C −→ ho(C)
from the underlying ategory of the trak ategory to its homotopy ategory. Topology provides
many examples of trak ategories: any pointed losed model ategory yields a trak ategory by
onsidering the full subategory of brant and obrant objets, with traks (2-morphisms) the
homotopy lasses of homotopies. Under mild onditions, the trak ategory we obtain is part of
a linear trak extension. That is, the set of self-traks of a map depends in some funtorial way
on the homotopy lass of the map [B℄.
In the present work, we onsider additive trak ategories, whih are linear trak extensions
whose homotopy ategory is additive, and whose trak struture is parametrized by a bilinear
bifuntor on the homotopy ategory. Examples of additive trak ategories arise naturally by
onsidering the trak extension assoiated to a stable model ategory [Ho℄, as for example the
stable homotopy ategory onsidered as the homotopy ategory of the Bouseld-Friedlander model
ategory on spetra [BF℄. There is a natural notion of equivalene of linear trak extensions, and
one an wonder if for a given additive trak ategory, there is another one with nier properties
in its equivalene lass. This question has been studied in [BJP, BP℄. In partiular, it is shown in
[BJP℄ that any additive trak ategory has within its equivalene lass an additive trak ategory
that has either strit oproduts or strit produts (this terminology is explained in the appendix).
We refer to this as the stritiation theorem, and any model with either strit produts or strit
oproduts is alled a semi-stritiation in the sequel.
In this work, we explore further stritiation results. Consider any objet X in the homotopy
ategory of an additive trak ategory. This objet is an Abelian group objet. Can we lift this
struture to the trak ategory in some reasonable fashion? We introdue the trak ategory
Pseudo
∐(T,A) of pseudomodels in the trak ategory A for any algebrai theory T, whih
may be thought of as a model for this algebrai theory up to oherent homotopy. We derive
from [BJP℄ (more speially [P2℄) that for all n > 1, the Abelian struture of X lifts to a
pseudomodel struture over the algebrai theory of niln groups. We also introdue the notion
of a oprodut preserving pseudo natural transformation between two pseudofuntors and show
that one an lift homotopy lasses of maps in an essentially unique way to oprodut preserving
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natural transformations. There is a notion of homotopy of pseudo natural transformations of
pseudofuntors and our results assemble to show that an additive trak ategory is equivalent (as
a 2-ategory) to the 2-ategory of pseudomodels over the ategory of niln groups. More preisely,
we prove the following theorem:
Theorem 1.1 Let A be an additive trak ategory with strit oproduts. For n ≥ 2, there is a
weak niln ringoid struture X −→ FX on A, and the assignment:
T : A −→ Pseudo∐(niln,A)
X 7−→ FX
extends uniquely to a trak funtor T , whih is an equivalene of trak ategories, and the inverse
of whih is the evaluation of a pseudofuntor G : niln  A on the group Z. Moreover, at the level
of homotopy ategories, T indues the anonial equivalene
ho(T ) : ho(A) −→ mod∐(ab,ho(A)).
In partiular, all weak niln ringoid strutures are anonially equivalent. Moreover, for s ≥ t ≥ 2,
the funtor nils −→ nilt indues isomorphisms of additive trak theories Pseudo
∐(nilt,A) −→
Pseudo
∐(nils,A). This statement holds for n, t = 1 under the onditions that the oeients of
A have no 2-torsion.
The words appearing in the main theorem are explained in Setion 2 and in Appendix A.
This funtor T is alled the Γ-struture of the additive trak ategory <A >. We do not give
here any appliation of the theory of Γ-strutures, but rather defer it to further papers. The Γ-
struture of an additive trak ategory is a fundamental piee of struture and deserves therefore
an independent treatment.
The paper is organized as follows. We quikly review the notion of algebrai theories and
their models and then introdue the 2-ategorial analogue whih we all pseudomodels over an
algebrai theory. This allows us to state our main results (Setion 2) and prove Theorem 1.1,
assuming ertain results that are proved later. In the next setion, we show that there exists
enough pseudomodel strutures for the algebrai theories niln for n ≥ 2, but in general not for
nil1 = ab. This allows us to restate Theorem 1.1 in terms of the notion of Γ-traks (Setion
4), and the proof of Theorem 1.1 is ompleted in Setion 5 using this reformulation. We nish
with a brief disussion of the dual setting (Setion 6). In the appendix, we reall for the sake of
self-ontainedness the needed fats on trak theory and pseudofuntors.
A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2 Additive trak ategories and pseudomodels
2.1 Algebrai theories
The material of this setion is lassial, and we refer the reader to [Bor℄ for a more om-
plete exposition. An algebrai theory T is a small ategory with a ountable set of objets
{T0,T1, . . . ,Tn, . . .} and speied isomorphisms from Tn to the n-fold ategorial produt of
T1. In partiular, T0 is a terminal objet. The ategory with objets are produt preserving
funtors from T to the ategory of sets, and with morphisms are the natural transformations is
termed the ategory of models for T and denoted by modΠ(T). We will also use the onept of
a oalgebrai theory, simply dened by saying that a small ategory T is a oalgebrai theory if
T
op
is an algebrai theory.
Example. Let Gr be the ategory of groups and group homomorphisms. Let Fn be the free group
on the set n = {1, . . . , n}. By onvention, we set F0 to be the trivial group. We denote by gr the
full subategory of Gr with objets the free groups {Fn}n∈N. The free group Fn is anonially
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the n-fold sum of F1 = Z in Gr, and the ategory gr
op
is therefore an algebrai theory, whih is
alled the (algebrai) theory of groups.
Example. Let Ab be the full subategory of Gr with objets the Abelian groups. This ategory
has produts and oproduts. Let F
ab
n be the free Abelian group on the set n = {1, . . . , n}. In
the ategory Ab, Fabn is anonially isomorphi to both the n-fold produt of F
ab
1 = Z and the
n-fold oprodut of Fab1 . This means that if we let ab be the full subategory of Ab whose objets
are {Fab0 ,F
ab
1 , . . . ,F
ab
n , . . .}, then both ab and ab
op
are algebrai theories. Reeting the fat that
nite produts are isomorphi to nite oproduts of Abelian groups (within the ategory Ab),
the algebrai theories ab and abop are isomorphi.
Example. A group G is endowed with a natural ltration {ΓnG}n∈N, the lower entral series,
dened indutively by
Γ0G = G, Γn+1G = [G,ΓnG]
Here [−,−] stands for ommutators in G. A nilpotent group of lass n is a group G suh that
ΓnG = {0}. For n ≥ 1, let Niln be the full subategory of Gr whose objets are groups of nilpoteny
n. The ase of n = 1 orresponds to the ategory of Abelian groups, and the ategory Nil1 is
simply denoted by Ab, while the ase n = 2 orresponds to the ase of so alled nil-groups whih
we denote simply by Nil. The ategories Niln have free objets on arbitrary sets of generators.
Indeed, for any set S, denote the free group on S by <S>. The group <S>n=<S> /Γn <S>
is a nilpotent group of lass n suh that the adjuntion formula
Sets(S,G) ∼= Niln(<S>n, G)
holds for all sets S and nilpotent group G of lass n. In other words, <S >n is the free objet
generated by S.
Let niln be the full subategory of Niln with objets the ountable set {F
niln
p }n∈N, where F
niln
p
is the free nilpotent group of lass n on the nite set {1, . . . , p} and Fniln0 is the trivial group by
onvention. For n = 1, we reover nil1 = ab. The group F
niln
p is anonially isomorphi to the
n-fold oprodut of Fniln0 in niln, so that the ategory nil
op
n is an algebrai theory.
These examples relate in the following way. The lower entral series indues an augmented
tower of oprodut preserving funtors
Gr −→ {. . . −→ Nil(n+ 1) −→ Niln −→ . . . −→ Ab}
where the funtor Gr −→ Niln maps a group G to G/Γn+1G. That is to say, we get an augmented
tower of algebrai theories
gr
op −→ {. . . −→ nilopn+1 −→ nil
op
n −→ . . . −→ ab
op} . (2.1)
In the sequel, we onsider gr as niln with n = +∞.
Let C be a ategory with nite produts and T an algebrai theory. We let modΠ(T,C) be
the ategory of produt preserving funtors T −→ C and their natural transformations, termed
the ategory of models in C for the algebrai theory T. We will also onsider the ategory
mod∐(Top, C) of oprodut preserving funtors Top −→ C and their natural transformations,
termed the ategory of oprodut models (or ∐-models) in C for the oalgebrai theory Top. If C
is additive, there are equivalenes of ategories
mod∐(abop, C) ∼= mod
Π(abop, C) ∼= mod
∐(ab, C) ∼= mod
Π(ab, C)
and we reall that:
Proposition 2.2 A ategory C is additive if and only if the evaluation funtor
modΠ(abop, C) −→ C
is an equivalene of ategories.
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2.3 Pseudomodels for additive trak ategories
We now onsider the ase of an additive trak ategory A (see the appendix for the notations):
D + // // A1 // // A0
p// // ho(A) = C.
The homotopy ategory of A is additive, therefore every objet in A has the struture of a group
and a ogroup up to homotopy. It is a result of [BJP℄ (see the appendix) that any additive trak
ategory has in its equivalene lass an additive trak ategory having either strit produts or
strit oproduts. There is nevertheless an obstrution to obtain both properties simultaneously,
as we shall see. The main point here is that from a theoretial viewpoint, there is no loss of
generality in onsidering trak ategories having either strit produts or strit oproduts.
Convention. In the sequel, we will onsider the ase of additive trak ategories with strit
oproduts in order to x the ideas, exept otherwise stated (for instane in Setion 6 where we
state the dual results).
2.3.1 Coprodut preserving pseudofuntors and natural transformations
The neessary material on pseudofuntors is realled in the appendix (see A.9). Let C and T
be additive trak ategories with strit oproduts. A pseudofuntor ϕ : C  T is oprodut
preserving if the following onditions are satised:
• ϕ is both redued at traks and objets (i.e. ompletely redued, see A.12),
• the natural map ιX,Y = ϕ(X −→ X ∨ Y ) ∨ ϕ(Y −→ X ∨ Y )
ιX,Y : ϕ(X) ∨ ϕ(Y ) −→ ϕ(X ∨ Y ) (2.2)
is an isomorphism for all X and Y in C,
• for all objets X,Y, Z, T and maps h : X −→ Z, k : Y −→ Z, g : Z −→ T in C, the equation
ϕg,(h∨k)ιX,Y = ϕg,h ∨ ϕg,k (2.3)
is satised,
• for all objets X in C, the equation
ϕX∨X = (ϕX , ϕX) . (2.4)
Let ϕ,ψ : C  T be two oprodut preserving pseudofuntors. We say that a pseudo natural
transformation α : ϕ −→ ψ is oprodut preserving if the following onditions are satised:
• for all X,Y , the following diagram is ommutative
ϕ(X) ∨ ϕ(Y )
ιX,Y //
αX∨αY

ϕ(X ∨ Y )
αX∨Y

ψ(X) ∨ ψ(Y )
ιX,Y // ψ(X ∨ Y ) ,
(2.5)
where ιX,Y is as above and moreover,
• for all X,Y, Z and all maps f : X −→ Z,G : X −→ Z, the pasting of traks in the diagram
(2.6) yields αf ∨ αg.
ϕ(X) ∨ ϕ(Y )
ιX,Y //
(αX ,αY )

ϕ(X ∨ Y )
⇓αf∨gαX∨Y

ϕ(f∨g) // ϕ(Z)
αZ

ψ(X) ∨ ψ(Y )
ιX,Y
// ψ(X ∨ Y )
ϕ(f∨g)
// ψ(Z)
(2.6)
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Now given two oprodut preserving maps α, β : ϕ −→ ψ of oprodut preserving pseudofuntors,
a homotopy is alled oprodut preserving if the pasting in the following diagram yields the
identity trak:
⇒
H
ϕ(X) ∨ ϕ(Y )
ιX,Y //
(αX ,αY )

(βX ,βY )
((
ϕ(X ∨ Y )
αX∨Y

βX∨Y
⇒
HX∨Y
vv
ψ(X) ∨ ψ(Y )
ιX,Y
// ψ(X ∨ Y ) ,
(2.7)
where H is the trak (H⊟X ,H
⊟
Y ). The following proposition is a diret onsequene of the deni-
tions.
Proposition 2.4 Let C and T be two trak ategories with strit oproduts. Assume that
C is a small trak ategory. Then oprodut preserving pseudofuntors, oprodut preserving
pseudo natural transformations and oprodut preserving homotopies build a trak subategory
Pseudo
∐(C, T ) of Pseudo(C,T ).
Reall that the supersript ⊟ indiates the inverse of a trak.
2.4.1 Coprodut pseudomodels
Let us assume that A is a trak ategory with strit oproduts. We onsider a oalgebrai theory
T, onsidered as a disrete trak ategory (that is, with only identity traks).
Denition 2.5 The ategory of ∐-pseudomodels in A for the algebrai theory T is the ategory
Pseudo
∐(T,A).
We rst notie that in this setting the notion of oprodut preserving homotopy of oprodut
preserving pseudofuntors is partiularly simple:
Proposition 2.6 Let T be a trak ategory with strit oproduts and T be an algebrai theory.
Given two oprodut preserving pseudofuntors F,G : T  C. The set of oprodut preserving
homotopies F ⇒ G is the set of traks F (T1)⇒ G(T1), obtained via the evaluation funtor.
The proof is staightforward and will therefore be omitted. In the following, we are interested
in the ase T = niln, for whih we introdue further terminology.
Denition 2.7 If A is a trak ategory with strit oproduts, then for n ≥ 1,
• A weak niln ogroup struture on the objet X of A is a ∐-pseudomodel ϕ in A for the
algebrai theory niln, suh that ϕ(Z) = X. A weak niln ogroup in A is a ouple (X,FX)
where X lies in C and FX is a weak niln ogroup struture on X. A map of weak niln ogroups
(f,Γf ) : X −→ Y is a map f : X −→ Y in A together with a oprodut preserving pseudo
natural transformation Γf : FX −→ FY suh that the evaluation
Γf (Z) : X = FX(Z) −→ FY (Z) = Y
is equal to f .
• A semi niln ringoid struture on A onsists of a hosen weak niln ogroup struture for every
objet X in A.
We rst notie:
Proposition 2.8 Let A be a trak ategory with strit oproduts whose homotopy ategory ho(A)
is additive, let (X,FX) be a weak niln ogroup in A. Then X projets to the Abelian ogroup
struture in the homotopy ategory of A.
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That is, let FX : niln −→ X be a weak niln ogroup struture on X. This indues a weak niln
ogroup struture on X viewed as an objet of ho(A). This means in partiular that X is a
ogroup objet in two dierent ways, one oming from the additive struture of ho(A), and one
oming from FX . Moreover, FX is a ogroup struture in the additive ategory A. A well known
trik shows that in suh a situation, both struture have to oinide. That is to say, pFX fators
through ab (where p : A→ ho(A) is the projetion funtor) and this fatorization is preisely the
Abelian struture ϕX of X in ho(A). In other words, there is a ommutative diagram
niln
FX //

A
p

ab ϕX
// ho(A) .
Assume now that A is the underlying trak ategory of a semi-stritied linear trak extension
<A>. A weak niln ogroup struture on X desends in partiular to a ogroup struture on X
in the homotopy ategory. But we assume that <A> has an additive homotopy ategory, hene
there is a fatorization of FX through ab, and aording to proposition 2.2, the Abelian ogroup
struture on X is unique up to isomorphism, thus any weak niln ogroup struture on X lifts the
natural struture in the homotopy ategory. It is therefore natural to ask whether an arbitrary
objet in an additive trak ategory with strit oproduts, whih is automatially a ogroup and
a group in the homotopy ategory, is a ogroup in A or not. The answer is:
Theorem 2.9 Any objet X in an additive trak ategory <A> with strit oproduts admits
the struture of a weak niln ogroup FX , for 2 ≤ n ≤ +∞. This statement holds for n = 1 under
the extra assumption that the linear system has no 2-torsion.
We notie that any trak ategory with Abelian 2-automorphism groups (morphisms form Abelian
groupoids) is anonially and in an essentially unique way part of a linear trak extension, hene
Theorem 2.9 applies as well to suh ategories provided that the homotopy ategory is additive
([BJ℄, see also Setion A.1 of the appendix), and the assoiated natural system is a bilinear
bifuntor. Hene for every objet X there is a weak niln ogroup struture FX on X, for n ≥ 2,
niln
FX //

A

ab ϕX
// ho(A)
where ϕX is the Abelian struture oming from the additive struture of ho(A). We notie that
we have passed from ab = nil1 to niln with n ≥ 2 to get suh a lifting (this is explained in Setion
3).
Corollary 2.10 Any additive trak ategory with strit oproduts an be given the struture of
a weak niln ringoid.
We provide a proof of this fat in Setion 3. We then prove (Setion 5):
Theorem 2.11 Let X,Y be two objets in a weak niln ringoid <A>, having the weak niln ogroup
strutures FX and FY . Then any map f : X −→ Y extends uniquely to a map
Γf : FX −→ FY
in the ategory Pseudo
∐(gr,A).
These results assemble together to produe a proof of Theorem 1.1
Proof of Theorem 1.1. We will prove Theorem 1.1 assuming Theorem 2.9 and 2.11. We rst
notie that G is learly a trak funtor. Theorem 2.9 and 2.11 say that T extends uniquely to a
trak funtor
T : A −→ Pseudo∐(niln,A) .
6
Any trak s : f ⇒ g in A an be extended to a oprodut preserving homotopy Γs : Γf ⇒ Γg,
and this in a unique way (by proposition 2.6). We therefore get a trak funtor
T : A −→ Pseudo∐(niln,A) ,
suh that the omposition GT : A −→ A is the identity funtor. On the other hand, given
an objet F in Pseudo∐(niln,A), the objet a = G(F ) in A omes with a weak niln ogroup
struture dened by F , whih might or might not oinide with the hosen one Fa (that of
Theorem 4.9). Nevertheless, by Theorem 4.9, the identity a −→ a extends uniquely to a pseudo
natural transformation F  Fa, and this transformation is an isomorphism. This nishes the
proof of the theorem.

3 Existene of pseudomodels
The aim of this setion is to onstrut a weak niln ogroup struture for every objet in an additive
trak ategory with strit oproduts, that is to prove Theorem 2.9. In other words, we show that
any additive trak ategory with strit oproduts is a weak niln ringoid. The proof is based on
ohomologial arguments. We mention that there is an alternative diret onstrutive proof of
Theorem 2.9, whih is in the spirit of the proofs in Setion 5 (see [G℄). This approah has only
been amenable to the author for n = +∞, and will therefore be omitted here. Let us reall some
fats on the ohomology of ategories ([BD, BW℄, see also the appendix).
3.1 Coyles for linear trak extensions
Reall that all the neessary notations and denitions are given in the appendix.
Let <E> be a linear trak extension of the small ategory C by the natural system D (see
Setion A.1), and let E be the underlying trak ategory, E0 and E1 as in A.1
D + // // E1 // // E0
p// // ho(E) = C
We hoose funtions:
t : Mor(C) −→ Mor(E0), H : N2(C) −→
[
f,g∈Mor(E0)
Jf, gK
suh that
• t sends identities to identities,
• pt(f) = f for any morphism f of C, and
• H(f, g) ∈ D(tf ◦ tg, t(f ◦ g)).
We dene a funtion cT (t,H) : N3(C) −→
S
(f,g,h)∈N3(C)
D(fgh) by
cT (t,H)(f, g, h) = σ
−1
t(fgh)(∆T (f, g, h))
where σ is the struture isomorphism of the linear trak extension, see (A.1). We also dene:
∆T (f, g, h) = −H(f, gh)− (tf)∗H(g, h) + (th)
∗H(f, g) +H(fg, h).
Lemma 3.2 (B-D lemma A.1) Let cT be dened as above. We have:
1. cT (t,H) is a oyle in C
3(C, D),
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2. if c is a 2-ohain in C2(C, D), then
δc+ cT (t,H) = cT (t,H − c),
where (H − c)(f, g) = H(f, g)− σt(fg)c(f, g),
3. The lass of cT (t,H) in H
3(C,D) does not depend on t and H,
4. The lass of cT (t,H) in H
3(C,D) depends only on the omponent of T in Track(C, D).
Assume C is a small ategory, D a natural system on C, and onsider a linear trak extension
<T> of C by D suh that the orresponding lass in H3(C, D) is trivial. By Lemma 3.2, as t
and H vary, cT (t,H) desribes exatly all the possible oyles representing the lass of <T> in
H3(C, D). Hene we have, for some t and H :
cT(t,H)(f, g, h) = σ
−1
t(fgh)(∆T(f, g, h))
and
0 = ∆T(f, g, h) = −H(f, gh)− (tf)∗H(g, h) + (th)
∗H(f, g) +H(fg, h).
This equality means that (t,H) : C −→ D is a pseudofuntor. That is:
Corollary 3.3 Let <E> be a linear trak extension
D + // // E1 // // E0
p// // ho(E) = C.
Then the assoiated lass in H3(C,D) is trivial if and only if there is a pseudofuntor (t,H) :
C −→ E suh that pt = id. Moreover, if <E> is semi-stritied, then t is a oprodut preserving
pseudofuntor. Suh a pseudofuntor is alled a pseudosetion in the sequel.
3.4 Constrution of pseudomodels
Let <E> be a semi-stritied trak extension of the small ategory C by the natural system D
(see Setion A.1), and let E be the underlying trak ategory, E0 and E1 as in Setion A.1
D + // // E1 // // E0
p// // ho(E) = C.
Let c be an objet in C and ϕc be the Abelian ogroup struture on c, and niln be any of the
algebrai theories desribed in Setion 2.1, and λn be the abelianization funtor. We have a
ommutative diagram
λ∗nϕ
∗
cX //

ϕ∗cX //

E

niln
(i)
VV
(ii)
::
λn
// ab ϕc
// ho(E) = C .
(3.1)
Beause this diagram is a pullbak diagram of ategories, the existene of a pseudosetion (i) or
the existene of the lifting (ii) are equivalent, and moreover, (i) is oprodut preserving if and
only if (ii) is. Hene, aording to orollary 3.3, suh a pseudosetion exists if and only if the
harateristi lass <E>∈ H3(C,D) is mapped to zero under the omposition of natural maps
H3(X,D) −→ H3(ab, ϕ∗cD) −→ H
3(niln, p
∗ϕ∗cD) .
But aording to [P2, Theorem A.1℄ (speial ase L = 1 of this theorem atually):
Theorem 3.5 H3(nil2, D) is trivial for any biadditive bifuntorial natural system. If D has no
2-torsion, then H3(nil1, D) = H
3(ab, D) is already trivial.
Hene Theorem 2.9 is proved, as a diret onsequene of Theorem 3.5.
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4 Γ-traks
In this setion <A> is an additive trak ategory with strit oproduts, together with a weak
nils ringoid struture for some s ≥ 1 (see Setion 3 for the existene of suh a struture). After
having introdued some terminology, we state in this setion three theorems (4.9, 4.10 and 4.11)
that altogether omplete the proof of Theorem 1.1. Theorem 4.10 and 4.11 are onsequenes of
Theorem 4.9, the proof of whih is postponed to Setion 5.
4.1 Some notations
We single out ertain maps in niln whih play an important role in the following. Let n ⊂ m
be an injetion (an inlusion by abuse of notation). The funtorially assoiated map of free nils
groups F
nils
n −→ F
nils
m is alled an inlusion. An inlusion n ⊂m denes also a map in the reverse
diretion F
nils
m −→ F
nils
n by taking a generator f ∈ m to itself if f ∈ n and to 1 otherwise. Suh
maps are alled projetions. Let αn : Z −→ Fn be the map that sends the generator of Z to the
produt of the generators of F
nils
n in the inreasing order. For all e ∈ n, let re : F
nils
n −→ Z be the
retration on the eth summand. Dually, let βn : Fn −→ Z be the map that sends all generators
of F
nils
n to 1 ∈ Z. For all e ∈ n, let ie : Z −→ F
nils
n be the inlusion of the e
th
summand in F
nils
n .
a weak niln ogroups (X,F ), then the objet F (Fn) is isomorphi to ∨nX. This isomorphism is
made impliit in the following as it plays no signiant role. For α : Fnilsn −→ F
nils
m , the assoiated
map F (α) is simply denoted by α.
In the following, given objets X,Y and a map f : X −→ Y , the notation (f)n : ∨
n
i=1X −→
∨ni=1X means ∨
n
i=1f .
4.2 Γ-strutures
Let <A > be an additive trak ategory with strit oproduts. We introdue the onvenient
onept of Γ-traks, whih is the loal ounterpart of a oprodut preserving natural transforma-
tion. We onstrut suh Γ-traks on A in a natural fashion. This leads (nally) to the proof of
Theorem 2.11. We rst need to introdue interhange traks.
Denition 4.3 Let <A> be an additive trak ategory with strit oproduts, and f : X −→ Y
be a map between two weak nils ogroups. For α : n −→m in nils and f : X −→ Y an interhange
trak is a trak α(∨nf)⇒ (∨mf)α as in diagram (4.1). An interhange struture for f : X −→ Y
is a orrespondene
α 7−→ Γfα
suh that Γfα is the trivial trak as soon as α is either an inlusion or a projetion,
∨nX
α //
(f)n

⇓Γfα
∨mX
(f)m

∨nY α
// ∨mY .
(4.1)
To make sense of this denition, one noties that this diagram is ommutative in the homotopy
ategory, and therefore there is at least one suh a trak. Suppose we are given some interhange
struture Γf for a map f between weak niln ogroups. We an introdue a new operation  on A
by pasting interhange traks along the weak niln ogroup strutures. Let α : F
nils
n −→ F
nils
m , β :
F
nils
m −→ F
nils
q be group homomorphisms and f : X −→ Y be a map in A. We dene Γ
f
β  Γ
f
α to
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be the pasting of traks in the following diagram:
∨nX
βα
""
α //
(f)n

⇓ϕ⊟β,α
⇓Γfα
∨mX
β //
(f)m

⇓Γ
f
β
∨pX
(f)p

∨nY
⇓ϕβ,α
βα
<<
α // ∨mY
β // ∨pY .
(4.2)
Reall that s⊟ denotes the inverse of the trak s. The following proposition is an elementary
onsequene of the pseudofuntor property that denes a weak nils ogroup.
Proposition 4.4 Let <A> be trak ategory and let f be a map between two weak niln ogroups
in <A>. For any assoiated interhange struture, the operation  on interhange traks for f
is assoiative.
Denition 4.5 Let <A> be an additive trak ategory with strit oproduts. We say that an
interhange struture (assoiated to some map f : X −→ Y of weak niln ogroups in A) satises
property (Γ) if for all maps in gr α : Fnilsn −→ F
nils
m and β : F
nils
m −→ F
nils
q maps in nils in the
additive trak ategory <A> with strit oproduts, the pasting in the diagram
∨nX
βα
""
α //
(f)n

⇓ϕ⊟β,α
⇓Γfα
∨mX
β //
(f)m

⇓Γ
f
β
∨pX
(f)p

∨nY
⇓ϕβ,α
βα
<<
α // ∨mY
β // ∨pY
(4.3)
yields Γfβα. That is, if
Γfβ  Γ
f
α = Γ
f
βα
for all α, β. An interhange struture satisfying property (Γ) is termed a Γ-struture assoiated
to f and the interhange traks are termed Γ-traks assoiated to f .
A diret onsequene of the denitions is
Proposition 4.6 Let < A > be an additive trak ategory with strit oproduts and let f be
a map between weak niln ogroups. The following formula holds for any interhange struture
α 7−→ Γfα whih is a Γ-struture:
Γf∨iαi = ∨iΓ
f
αi
. (4.4)
The following remark shows the interest of the notion of a Γ-struture assoiated with a map of
weak nils ogroups:
Remark 4.7 Let f be X −→ Y be a map between the underlying spaes of the weak nils ogroups
(X,FX) and (Y, FY ). Then a Γ-struture Γ
f
assoiated with f is nothing but a oprodut preserv-
ing pseudo natural transformation Γf : FX −→ FY between the oprodut preserving pseudofun-
tors FX , FY : gr −→ A suh that Γ
f (Z) = f : X = FX(Z) −→ FY (Z) = Y .
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4.8 Existene of Γ-strutures
We have the following loal existene theorems.
Theorem 4.9 Let <A> be an additive trak ategory with strit oproduts. Any map f between
two weak nils ogroups in A has a unique assoiated Γ-struture.
The uniqueness statement in Theorem 4.9 yields also the following two theorems 4.10 and 4.11.
Indeed, one simply heks that pasting yields exatly an interhange struture satisfying property
(Γ), and the equality follows from the uniqueness.
Theorem 4.10 (Naturality with respet to maps in A) Let α : Fn −→ Fm be a map in gr,
and f : X −→ Y , g : Y −→ Z be maps of weak nils ogroups in A. The unique Γ-strutures
assoiated to f and g satisfy naturality with respet to maps in A: the pasting in the diagram
∨nX
α //
(f)n

⇓Γfα
∨mX
(f)m

∨nY
(g)n

α //
⇓Γgα
∨mY
(g)m

∨nZ
α // ∨mZ
(4.5)
yields Γgfα .
Theorem 4.11 (Naturality with respet to traks in A) Let f be a map between two weak
nils ogroups in the additive trak ategory <A>. The unique Γ-struture assoiated to f satises
naturality with respet to traks in A: let α : Fnilsn −→ F
nils
m , f : X −→ Y , g : Y −→ Z in A, and
ψ : f ⇒ g. Then the pasting in the diagram
∨nX
⊟
⇒
∨nψ
(g)n
&&
α //
(f)n

//
⇓Γfα
∨mX
(f)m

⇒
∨mψ
(g)m
xx
∨nY
α // ∨mY
(4.6)
yields Γgα.
Assume now that all objets are weak nils ogroups in the additive trak ategory A, i.e. we
assume that <A> is a weak niln ringoid. Every map has by the preeding theorem a unique
Γ-struture satisfying the property (Γ). These Γ-strutures have a good behavior with respet to
omposition in A, as we shall see. Let A be a weak nils ringoid. Theorem 4.9 builds (aording
to remark 4.7) a orrespondene
Γ : A −→ Pseudo∐(nils,A)
whih to objets assoiates the hosen weak nils ogroup struture and to eah map f in A a
oprodut preserving natural transformation Γf . Theorem 4.10 says that Γ is a funtor. Theorem
4.11 says that Γ is atually a 2-funtor. The uniqueness and existene statements show that Γ is
in fat an equivalene of 2-ategories (see Theorem 1.1 and its proof).
5 Existene and uniqueness of Γ-strutures
The main point of this setion is the proof of Theorem 4.9. We proeed in three steps. We rst
onstrut an interhange struture, whih is a andidate for the Γ-struture of the theorem. We
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then show that the onstruted interhange traks are atually Γ-traks. The uniqueness is easy,
and is derived in the last part of this setion.
In this setion, we work with some xed map f : X −→ Y between two weak niln ogroups X
and Y in the additive trak ategory <A>.
5.1 Constrution of the anonial Γ-struture of a weak nil
n
ringoid
We assume that A has strit oproduts. We will onstrut an interhange struture assoiated
with f alled the anonial interhange struture assoiated with f and denoted by Γ. We set the
interhange traks Γfα assoiated with projetions, inlusions, and fold maps to be identity traks.
5.1.1 Additivity Γ-traks
The diagram
X
αn //
f

∨nX
(f)n

Y αn
// ∨nY
(5.1)
is not ommutative in A but is ommutative in the homotopy ategory ho(A). The map αn
is desribed at the beginning of Setion 4. The trak set Track((f)nαn, αnf) is therefore non
empty. Let H be an element of Track((f)nαn, αnf). The Abelian group D(X,∨nY ) ats freely
and transitively on the set Track((f)nαn, αnf), and the hoie of H xes an isomorphism
σH : D(X,∨nY ) −→ Track((f)nαn, αnf). (5.2)
We obtain a diagram
X
IdX
⇓ϕ⊟
  
⇓H
αn //
f

∨nX
re //
(f)n

X
f

Y
IdY
⇓ϕ
>>αn
// ∨nY re
// Y .
(5.3)
Here the left square ommutes beause we assume the existene of strit oproduts. We laim
that one an alter H in a unique way by the ation of D(X,∨nY ) on the set Track((f)nαn, αnf),
so that pasting in the diagram (5.3) yields the trivial trak f ⇒ f , for all 1 ≤ e ≤ n. The trak
thus obtained is denoted by Γfn
Denition 5.2 The additivity Γ-trak Γfn is the unique trak (f)nαn ⇒ αnf that restrits to the
trivial trak along re : ∨nX −→ X, for all e ∈ n.
To see that this denition makes sense, we notie that we have a ommutative diagram
D(X,∨nY )
σH //
Πn(re)∗

Track((f)nαn, αnf)
Πn(re)∗

⊕nD(X,Y ) ∼= ΠnD(X, Y ) Q
n σ(re)∗H
// ΠnTrack(f, f) .
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In this diagram, the top and bottom maps are bijetions oming from the struture of a linear
trak extension. The left vertial map is also an isomorphism, beause <A> is an additive trak
extension (thus D is a biadditive bifuntor). It follows that the right vertial map is also an
isomorphism. This shows that additivity Γ-traks are well dened.
5.2.1 The negative Γ-trak
Let f : X −→ Y be a map in A. We onsider the diagram
X
α2 //
⇓Γ
f
2
f

∨2X
(f)2

1∨(−1) // X
f

Y α2
// ∨2Y
1∨(−1)
// Y .
(5.4)
The ommutativity of this diagram in the homotopy ategory fores the existene of some trak
K in the following diagram (5.5):
X
α2 //
⇓ϕ⊟
0
  
⇓Γ
f
2
f

∨2X
(f)2

1∨(−1) //
⇓K
X
f

Y
⇓ϕ
0
>>α2
// ∨2Y
1∨(−1)
// Y .
(5.5)
Proposition 5.3 There is a unique trak K of the form 0∨Γf−1 suh that the pasting in diagram
(5.5) leads to the trivial trak 0⇒ 0. This denes and haraterizes Γf−1. In other words
K  Γf2 = (0
 ,Γf−1) Γ
f
2 = 0
 .
Proof. Consider diagram (5.5). The ategory A has strit oproduts and therefore K = (K1,K2)
with K1 : f ⇒ f and K2 : f(−1) ⇒ (−1)f . If K = (K1, K2) ts in the diagram (5.5), then
K = (0 , K2) does also. We an thus assume that K1 = 0

. The ondition that the pasting
K  Γf2 in diagram (5.5) yields 0
 : 0 ⇒ 0 determines Γf2K uniquely. As Γ
f
2 is already xed,
this determines (α2)
∗K. We onsider the ommutative diagram
D(X, Y )×D(X, Y )
(α2)
∗
//
σK1
×σK2

D(X, Y )
σ(α2)
∗K

Track(f, f) ×Track(f(−1), (−1)f)
(α2)
∗
// Track(f(1, (−1))α2, (1, (−1))fα2) .
(5.6)
The horizontal top map is the sum in the Abelian group D(X, Y ). The vertial maps being
isomorphisms, we note that if ψ0 is a xed element in D(X,Y ) and if we let ψ vary in D(X, Y ),
then (α2)
∗(ψ0, ψ) takes all values in D(X,Y ) exatly one. Hene (α2)
∗(σK1 × σK2(ψ0, ψ)) takes
all values in Track(f(1∨(−1))α2, (1∨(−1))fα2)) exatly one. Thus we have proved the existene
and uniqueness of Γf−1 : f(−1)⇒ (−1)f with the presribed properties. 
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5.3.1 Γ-traks assoiated to multipliation by a non negative number
We dene a trak µfn as the result of pasting traks in the following diagram
X
αn //
⇓ Γfn
ξn
⇓ϕ⊟
  
f

∨nX
βn //
∨(f)n

X
f

Y
ξn
⇓ϕ
>>αn
// ∨nY
βn
// Y .
(5.7)
Denition 5.4 We dene the trak Γfξn , more simply denoted by µ
f
n, by the equation
Γfξn = µ
f
n = Γ
f
βn
 Γfn (5.8)
5.4.1 Γ-traks assoiated to multipliation by a negative number
The negative multipliation Γ-trak µf−n is dened as the pasting of traks in the following diagram:
X
ξn //
⇓ϕ⊟
ξ−n

f

⇓µfn
X
ξ−1 //
f

⇓Γ
f
−1
X
f

Y
ξn
//
⇓ϕ
ξ−n
@@Y ξ−1
// Y .
(5.9)
Denition 5.5 We dene the trak Γfξ−n , simply denoted by µ
f
−n, by the equation:
Γfξ−n = µ
f
−n = Γ
f
−1  µ
f
n (5.10)
5.5.1 General Γ-traks
We are now ready to dene general Γ-traks. Let α : Fn −→ Fm, t : X −→ Y be a map in A.
For eah pair (e, f), the omposition rfαie : Z −→ Z is the multipliation by a number α(e, f).
The Γ-trak Γfα is the unique trak (∨mt)α⇒ α(∨nt) suh that for all (e, f) ∈ n×m the pasting
of traks in the following diagram yields the trak µtα(e,f):
X
ie //
⇓ϕ⊟
!!
⇓ϕ⊟
ξαe,f
  
t

∨nX
⇓K∨nt

α // ∨mX
rf //
∨mt

X
t

Y
⇓ϕ
ξαe,f
>>
⇓ϕ
==ie
// ∨nY α
// ∨mY rf
// Y
(5.11)
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The uniqueness of suh a trak follows from two fats. The rst one is the assumption that A has
strit oproduts, whih shows that Γtα is determined by its various restritions i
∗
e Γ
t
α, 1 ≤ e ≤ n.
The seond point is that similarly as in the denition of the additivity Γ-traks, one shows that
i∗e Γ
t
α is in turn determined by its various orestritions (rf )∗i
∗
e Γ
t
α along the projetions rf , for
1 ≤ f ≤ m (see also A.7).
By simply heking the denitions:
Proposition 5.6 The assignment α 7−→ Γfα is an interhange struture for f .
5.7 Existene
We show in this setion that the interhange struture dened in Setion 5.1 satises property
(Γ). This proves the existene part of Theorem 4.9.
Proposition 5.8 Let A be an additive trak ategory with strit oproduts. Let f : X −→ Y
be a map of weak niln ogroups. The anonial interhange struture assoiated to f satises the
property (Γ), and is alled the anonial Γ-struture assoiated to f .
The proof will be settled through a series of propositions. The rst one is:
Proposition 5.9 For all pair of positive numbers m,n ∈ N,
µfn  µ
f
m = µ
f
nm = µ
f
mn = µ
f
m  µ
f
n.
Proof . We denote by Ψfn,m the fold map ∨mF
nils
n −→ F
nils
n . We have
µfn  µ
f
m = Γ
f
βn
 Γfn  Γ
f
βm
 Γfm
= Γfβn  Γ
f
Ψn,m
 (Γfn)
m
i=0  Γ
f
m
= Γfβmn  Γ
f
mn
= µfmn.
Here we have used the following two lemmas.
Lemma 5.10 For all pair of positive numbers m,n ∈ N, we have
Γfn  Γ
f
βm
= ΓfΨn,m  (Γ
f
n)
m
i=0. (5.12)
Lemma 5.11 For all pair of positive numbers m,n ∈ N, we have
Γfmn = (Γ
f
n)
m
i=0  Γ
f
m. (5.13)
Proof of lemma 5.10 . First, one noties that Γβm is the identity trak and therefore:
Γfn  Γβm = (βm)
∗Γfn
= (Ψm,n)∗(Γ
f
n, . . . ,Γ
f
n).
Using that ΓfΨn,m = 0

, we get
Γfn  Γβm = (Ψm,n)∗(Γ
f
n, . . . ,Γ
f
n)
= ΓfΨn,m  ∨mΓ
f
n.
Proof of lemma 5.11 . One only needs to notie that (Γfn)
m
i=0Γ
f
m satises the dening property
of Γfmn (see Setion 5.1.1).

Proposition 5.12 For any non negative number n ∈ N, we have
µf−1  µ
f
m = µ
f
m  µ
f
−1. (5.14)
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The proof onsists of giving a haraterization of µf−1  µ
f
m whih is also satised by µ
f
m  µ
f
−1.
We set γf−n = Γ
f
βn
 ∨i≤nΓ
f
−1. We dene Kn = (µ
f
n, γ
f
−n).
Proposition 5.13 The trak γf−n is the unique trak suh that the pasting in diagram (5.15)
yields the trivial trak 0⇒ 0.
X
α2 //
⇓ϕ⊟
0
  
⇓Γ
f
2
f

∨2X
(f)2

(n∨−n) //
⇓Kn
X
f

Y
⇓ϕ
0
>>α2
// ∨2Y
(n∨−n)
// Y
(5.15)
Proof. The proof of this assertion is essentially the same as the proof of Proposition 5.3. 
Lemma 5.14 We have equalities
γf−n = µ
f
−1  µ
f
m = µ
f
m  µ
f
−1.
Proof. The proof onsists of showing that both Γf−1µ
f
m and µ
f
mµ
f
−1 satisfy the haraterization
of γf−n in proposition 5.13. We rst onsider the trak K
′
n = (µ
f
n,Γ
f
−1  µ
f
n). We laim that the
pasting K′n  Γ
f
2 in diagram (5.16) yields the trivial trak 0⇒ 0,
X
α2 //
⇓ϕ⊟
0
  
⇓Γ
f
2
f

∨2X
(f)2

(n∨−n) //
⇓K′n
X
f

Y
⇓ϕ
0
>>α2
// ∨2Y
(n∨−n)
// Y
(5.16)
Indeed, we have
K′n  Γ
f
2 = (µ
f
n ∨ (Γ
f
−1  µ
f
n)) Γ
f
2
= (Γfβn  Γ
f
n) ∨ (Γ
f
−1  (Γ
f
βn
 Γfn)) Γ
f
2
= (Γfβn ∨ (∨i≤nΓ
f
−1)) (Γ
f
n,Γ
f
n) Γ
f
2
= (Γfβn ∨ (∨i≤nΓ
f
−1)) Γ
f
2n
whih is the trivial trak 0⇒ 0. We next onsider the trak K
′′
n = (µ
f
n, µ
f
n  Γ
f
−1). We laim now
that the pasting K
′′
n  Γ
f
2 in diagram 5.17 yields the trivial trak 0⇒ 0,
X
α2 //
⇓ϕ⊟
0
  
⇓Γ
f
2
f

∨2X
(f)2

(n∨−n) //
⇓K
′′
n
X
f

Y
⇓ϕ
0
>>α2
// ∨2Y
(n∨−n)
// Y .
(5.17)
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This laim follows from the sequene of equalities
K
′′
n  Γ
f
2 = (µ
f
n ∨ (µ
f
n  Γ
f
−1)) Γ
f
2
= (Γfβn  Γ
f
n) ∨ (Γ
f
βn
 Γfn  Γ
f
−1) Γ
f
2
= (Γfβn ∨ Γ
f
βn
) (Γfn,Γ
f
n) (0
 ,Γf−1) Γ
f
2
but
ΓfnΓ
f
−1 = (Γ
f
−1)
n
i=1Γ
f
n,
hene
K
′′
n  Γ
f
2 = (Γ
f
βn
∨ Γfβn) ((0
)n, (Γ
f
−1)n) (Γ
f
n,Γ
f
n) Γ
f
2
= Γfβn  (Γ
f
β2
)n  (0
 ,Γf−1)n  (Γ
f
2)n  Γ
f
n
= Γfβn  [(Γ
f
β2
) (0 ,Γf−1) (Γ
f
2 )]n  Γ
f
n,
whih is the trivial trak 0⇒ 0. 
Proposition 5.9 and 5.12 together imply:
Proposition 5.15 For all pair of integers n,m ∈ Z, we have
µfn  µ
f
m = µ
f
m  µ
f
n
Proof of proposition 5.8. We onsider general maps α, β in nils, with α : F
nils
n −→ F
nils
m and
β : Fnilsm −→ F
nils
q . We assume that α = ∨nie where αe(e) =
Q
i
fnii , with fi ∈ {1 . . . ,m}. In the
same way, β = ∨mβf where βf (f) =
Q
j
g
nj
j , with gj ∈ {1, . . . q}. Then βα : Fn −→ Fq is suh
that βα = ∨n(βα)e and (βα)e = βαe, so that (βα)e maps e to
Q
i
(β(fi))
ni
. We have to show
that
Γfβ  Γ
f
αe = Γ
f
βαe
.
We begin with the lemma (see A.7):
Lemma 5.16 The traks ΓfβΓ
f
αe and Γ
f
βαe
oinide if and only if the traks Γfrg Γ
f
βΓ
f
αe and
Γfrg  Γ
f
βαe
= µ(βα)(e,g) oinide for all g ∈ {1, . . . q} (see 5.5.1 for the denition of (βα)(e, g).
Next, we notie that
Lemma 5.17 We have:
Γfrg  Γ
f
β = ∨mµ
f
ng
where ng =
P
gj=g
nj .
We are thus redued to show that for all g ∈ G,
∨mµ
f
ng  Γie = µ(βα)(e,g)
But now
∨mµ
f
ng  Γie = Γ
f
βn
 (µfng )m  Γie
= Γfβn  (µ
f
β(f,g)  µαef )m  Γ
f
m
= µαe,f
and this nishes the proof of Proposition 5.8. 
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5.18 Uniqueness
In this setion, we prove:
Theorem 5.19 Assume A is an additive trak ategory with strit oproduts. Let t be a map
between weak niln ogroups. Two interhange strutures assoiated with t and satisfying property
(Γ) oinide; there is therefore a unique Γ-struture assoiated with t.
The proof onsists of a series of lemmas. In fat we will see that under the assumptions, any
interhange struture Γ˜t satisfying property (Γ) oinides with Γt, the anonial one that we have
onstruted in Setion 5.1. Let Γ˜t be an interhange struture satisfying property (Γ). We begin
with the following easy lemma.
Lemma 5.20 The Γ˜ interhange traks assoiated to identities in nils are identities. The Γ˜
interhange traks assoiated with the trivial map in nils are the trivial traks.
Proof. Let 1 be the identity of Fn. Considering the pasting of Γ˜ with itself, we see that
Γ˜t1  Γ˜
t
1 = Γ˜
t
1Γ˜
t
1 = Γ˜
t
1
in the group Track(t, t); therefore Γ˜t1 = 0


Lemma 5.21 The additivity Γ-traks are unique, that is Γ˜tn = Γ
t
n for all n ≥ 0.
Proof. Let n ≥ 0 and t : X −→ Y any map in A. The additivity Γ-trak is dened to be the
unique one that restrits to the trivial trak t ⇒ t along the retrations re : ∨nX −→ X for all
e ∈ n. Let us see that it oinides with the Γ˜-trak. The restrition of the Γ˜-trak along the maps
re : ∨nX −→ X has to be the Γ-trak assoiated with the identity, whih we have seen (5.20) to
be the trivial trak. But this property haraterizes the additivity Γ-trak, and therefore for all
n, Γtn = Γ˜
t
n. 
Lemma 5.22 The multipliation Γ-traks assoiated to the multipliation with a positive number
is unique.
Proof. For the multipliation by a positive number, the uniqueness is lear from the diagram
(5.7) under the hypotheses. 
Lemma 5.23 The basi negative Γ-trak is unique.
It follows immediately that:
Corollary 5.24 The Γ-traks assoiated with multipliation maps are unique.
Proof of lemma 5.23. We onsider one again the diagram (5.5)
X
α2 //
⇓ϕ⊟
  
⇓Γt2t

∨2X
∨2t

(1,(−1)) //
⇓K
X
t

Y
⇓ϕ
>>α2
// ∨2Y
(1,(−1))
// Y .
(5.18)
The trak K is of the form (K1, K2) beause A has strit oproduts. By assumption, the property
(Γ) is satised and this leads to
K  Γ2 = Γ
t
∗ = 0
 . (5.19)
Beause of the denition of a weak niln ogroup, we have
(K1, K2) = (Γ
t
1,Γ
t
−1). (5.20)
This fat being granted, we see that that Γ˜−1 has to oinide with Γ−1, as these properties
determine Γ−1 (see proposition 5.3). 
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Proposition 5.25 General Γ-traks are unique.
Proof. Aording to the remarks following the denition of the general Γ-traks (see Setion
5.5.1), the uniqueness is settled as soon as the multipliation Γ-traks are determined, but this
preisely the ontent of orollary 5.24. 
6 Dual results
As we have notied in A.1, any additive trak ategory has also a model with strit produts.
Let C be an additive trak ategory with strit produts. One an dene in C the dual notions
of produt preserving pseudofuntor nilopn  C over the algebrai theory of nils groups, produt
preserving pseudo natural transformations between those, and homotopies of produt preserving
pseudo natural transformations. These altogether build a 2-ategory denoted by PseudoΠ(niln, C)
and termed the ategory of Π-pseudomodels over the algebrai theory nilopn . An objet X in C,
together with a Π-pseudomodel F : nilopn  C suh that F (Z) = X, is termed a weak niln group.
A is a trak ategory with strit oproduts if and only if its opposite ategory is a trak ategory
with strit produts. In this way, we an dualize all our results, and in partiular:
Theorem 6.1 Any objet X in an additive trak ategory < A > with strit produts admits
anonially the struture of a weak niln group.
Moreover:
Theorem 6.2 Let X,Y be two objets in an additive trak ategory A with strit produts, having
the weak niln group strutures FX and FY . Then eah map f : X −→ Y extends uniquely to a
map
Γf : FX −→ FY
in the ategory Pseudo
Π(niln,A).
Finally:
Theorem 6.3 The assignment:
T : A −→ PseudoΠ(niln,A)
X 7−→ FX
extends uniquely to a trak funtor T whih is an equivalene of 2-ategories, the inverse of whih
is the evaluation of a pseudofuntor G : nilopn  A on the group Z for all n ≥ 2.
A Trak ategories
A.1 Linear trak extensions
Fatorizations Let C be a ategory. The ategory of fatorizations of C is the ategory FC
dened by
• Ob(FC) = Mor(C)
• For f, g ∈ Ob(FC) = Mor(C), a morphism f −→ g is a pair (α, β) tting in a ommutative
diagram:
A α
// A′
B
f
OO
B′
βoo
g
OO
A funtor from D : FC −→ Ab is alled a natural system on C.
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Example A.2 Let C be any ategory. Any bifuntor F : Cop×C −→ Ab denes a natural system
by
D(X, Y ) = F (X,Y ), D(α, β) = F (α, β)
Let ab be the algebrai theory of Abelian groups (as in Setion 2.1). Any biadditive bifuntor
F : abop × ab is of the form homab(−,−⊗M), with M = D(Z,Z).
Trak ategories A trak ategory A is a ategory enrihed in groupoids. Given two mor-
phisms objetsX,Y ∈ A, we have an hom-groupoid JX,Y K, its objets are morphisms f : X −→ Y
of A and its morphisms ϕ : f ⇒ g are alled traks from f to g. The set of 2-morphisms from f
to g is denoted by Track(f, g).
The omposition of traks η : f ⇒ g and ϕ : g ⇒ h is termed vertial omposition and denoted
by ϕη. The endomorphism-groupoid Jf, fK of a f is a group for the vertial omposition, termed
self traks of f , whose neutral element is denoted by 0 . In this group, the inverse of the trak
α : f ⇒ f is denoted by α⊟ .
Example A.3 There are numerous examples of trak ategories, arising in dierent ontexts.
Topology provides examples by onsidering the full subategories of brant-obrant objets in
stable model ategories, with traks being homotopy lasses of homotopies. Complete details are
presented in [B℄.
By denition, the omposition
JA,BK× JB,CK −→ JA,CK
is a bifuntor. This means that for all f : A −→ B and g : B −→ C, funtors
g∗ : JA,BK −→ JA,CK
and
f∗ : JB,CK −→ JA,CK
are dened and ommute whih eah other. In partiular, for α : f0 ⇒ f1 ∈ JA,BK and β : g0 ⇒
g1 ∈ JB,CK the equation
g1∗αf0
∗β = f∗1 βg0∗α
holds. This denes the horizontal omposition of traks.
From a trak ategory A one an onstrut two ordinary ategories A0 and A1. The ategory
A0 is the underlying ategory of A, obtained by forgetting traks, while A1 has for objets the
morphisms of A and has for morphisms X −→ Y the traks f ⇒ g with f, g : X −→ Y . The
omposition in A1 is dened by the horizontal omposition of traks. The funtors soure and
target indue two funtors
A1 //// A0 ,
hene we an form an equalizer diagram of ategories
A1
//// A0 // ho(A).
That is, ho(A) has the same objets as A but its morphisms are obtained from those of A by
identifying morphisms related by a 2-morphisms in A. The ategory ho(A) is alled the homotopy
ategory of the trak ategory A.
A zero objet in a ategory is an objet whih is both initial and nal. All suh objets
are equivalent. A ategory with a xed zero objet is alled a pointed ategory. A strit zero
objet in a trak ategory A is an objet ∗ suh that for all objet X of A, the hom-groupoids
JX, ∗K and J∗, XK are trivial groupoids, with one objet and one morphism. The objet ∗ is in
partiular a zero objet of the underlying ategory. A trak ategory with hosen strit zero
objet is a pointed trak ategory. For all objets X,Y in a pointed ategory, we have a unique
map ∗X,Y : X −→ ∗ −→ Y with the property that for g : Y −→ Z and h :W −→ X
g∗X,Y = ∗X,Z and ∗X,Y h = ∗W,Y .
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Linear trak extensions A linear trak extension <E> onsists of the following data:
• a trak ategory E,
• a natural system D on ho(E)
• for all maps f : X −→ Y in E, an isomorphism of groups
σf : Dp(f) −→ Track(f, f) (A.1)
• moreover the system of isomorphisms {σf} is required to satisfy:
∀a ∈ Dp(f) = Dp(g),∀H ∈ Track{f, g}, σf (a)H = Hσg(a),
∀α ∈ Dp(f), g
∗σf (α) = σfg(g
∗α),
∀β ∈ Dp(f), f∗σg(β) = σfg(f∗β).
The linear trak extension <E> is usually depited by a diagram
D + // // E1 //// E0
p // // ho(E).
Example A.4 The example A.3 above provides linear trak extension with D(X, Y ) =
homho(A)(X,ΩY ). Complete details are devised in [B2℄.
Additive trak ategory
Denition A.5 A linear trak extension <E>
D + // // E1 // // E0
p// // ho(E) = C
is alled additive if
• the underlying trak ategory E is pointed,
• the homotopy ategory is ho(E) is additive,
• D is a biadditive bifuntor.
Note that the zero objet of E will automatially be mapped to a zero objet of ho(E).
Remark A.6 Aording to [BJ℄, an additive trak ategory is essentially determined by its un-
derlying trak ategory. We therefore use the term additive trak ategory instead of `additive
trak extension'.
Strit produts We onsider an additive trak ategory (A,D), and we assume strit o-
produts exist, that is for eah pair of objets (X,Y ), there is an objet X ∨ Y and maps
X −→ X ∨ Y, Y −→ X ∨ Y , so that the indued map
Ψ : JX ∨ Y,ZK −→ JX,ZK× JY,ZK
is an isomorphism of ategories for all Z. The image of a ouple of traks (ϕ,ψ) ∈ JX,ZK1×JY,ZK1
in JX ∨ Y,ZK1 by the inverse equivalene Ψ
−1
is denoted by ϕ ∨ ψ. The fat that we have an
equivalene of ategories implies the following:
(ϕ ∨ ψ)(ϕ′ ∨ ψ′) = Ψ−1(ϕ,ψ)Ψ−1(ϕ′, ψ′)
= Ψ−1((ϕ,ψ)(ϕ′, ψ′))
= Ψ−1(ϕϕ′, ψψ′)
= (ϕϕ′) ∨ (ψψ′).
We add for further referene the following easy lemma.
Lemma A.7 Let E be a nite ordered set. A sum of traks H = (he)e∈E : ∨e∈Efe ⇒ ∨e∈Ege is
haraterized as the unique trak that:
• restrits to he along (re)∗(ie)
∗
,
• restrits to the trivial trak ∗ ⇒ ∗ along (re)∗(ie′)
∗
for e 6= e′ in E.
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Cohomology of ategories Given a small ategory C, we let Nn(C) denote the n
th
stage of
the nerve of C. It onsists of all n-tuple that form a hain of omposable morphisms. Given suh
a hain λ = (f1, f2, . . . , fn) ∈ Nn(C), we dene λ¯ to be the omposition
λ¯ = f1f2 . . . fn .
Let C be a small ategory and let D be a oeient system on C. The set of n-ohains of C
with oeient in D is the set
Cn(C, D) =
8<
:σ : Nn(C) −→
[
λ∈Nn(C)
D(λ¯), σ(λ) ∈ D(λ¯)
9=
;
where Nn(C) denotes the nerve of C. The objet C
•(C, D) is atually a graded Abelian group.
With the fae maps
di : Cn(C, D) −→ Cn+1(C, D) (A.2)
dened by
8<
:
d0(σ)(f1, . . . , fn+1) = (f1)∗σ(f2, . . . , fn+1),
dn(σ)(f1, . . . , fn+1) = (fn+1)
∗σ(f1, . . . , fn),
di(σ)(f1, . . . , fn+1) = σ(f1, . . . , fifi+1, . . . , fn+1) if 1 < i < n+ 1,
and the degeneraies given by
si(σ)(f1, . . . , fn) = σ(f1, . . . , fi, id, fi+1, . . . fn), (A.3)
C•(C,D) beomes a osimpliial Abelian group. The assoiated normalized ohain omplex is
denoted by NC•(C, D) and its homology is by denition the ohomology of C with oeients in
D:
H∗(C, D) = H∗(NC•(C,D)) . (A.4)
Classiation of linear trak ategories Letting C be a small ategory and D be a
natural system over C, we an dene a notion of maps of linear trak extensions of C by D. In this
way, the linear trak extensions of C by D build a ategory whose onneted omponents is a set
Track(C,D) (see [BD℄). Moreover, Track(C,D) is in anonial bijetion with H3(C, D). From
[BJP, th. 6.2.1℄ we have the stritiation theorem,
Theorem A.8 Any linear trak extension whose homotopy ategory has arbitrary (resp. nite)
oproduts has in its equivalene lass a ategory with strit (resp. nite) oproduts. A similar
statement holds mutatis mutandis by replaing oproduts by produts.
A.9 Trak ategories of pseudofuntors
A.9.1 Pseudofuntors
The material of this setion is adapted from [BM℄. The proofs there an easily be translated to
our setting. Let C be and T be trak ategories. A pseudofuntor C  T is an assignment of
objets, maps, and traks together with additional traks
ϕf,g : ϕ(f)ϕ(g)⇒ ϕ(fg) and ϕX : ϕ(1X)⇒ 1ϕX
for all objets X and omposable maps •
g
−→ •
f
−→ •. These traks must satisfy the following
onditions. For all omposable •
g
−→ •
f
−→ •
h
−→ •
• the pasting in the diagrams (A.5) and (A.7) is the identity trak,
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• for any omposable traks α, β in C, the omposition in the diagram (A.6) is the trak
ϕ(αβ),
• ϕ preserves vertial omposition of traks,
• ϕ preserves identity traks.
We leave it to the reader to write the formal equations orresponding to these onditions.
ϕ(X)
1ϕ(X)
⇓ϕ⊟X 
ϕ(1X )
//
ϕ(f)
⇓ϕf,1X
88
ϕ(X)
ϕ(f) // ϕ(Y ) ϕ(X)
ϕ(f) //
ϕ(f)
⇓ϕ1Y ,f
88
ϕ(Y )
1ϕ(Y )
ϕ
⇓⊟
Y 
// ϕ(Y )
(A.5)
•
⇒
β ϕ(g
′)
~~
ϕ(fg)
⇒
ϕ⊟
f,g
))
ϕ(f ′g′)
⇒
ϕ
f′,g′
uu
ϕ(g)
  
•
⇒
α ϕ(f
′)
~~
ϕ(f)
  
•
(A.6)
•
ϕ(h)

ϕ(gh) ϕ
⊟
g,h
⇒
""
ED
BC
ϕ(fgh)⇒ϕfgh
oo
GF
@A
ϕ(fgh) ϕ
⊟
f,gh
⇒
//
•
ϕ(fg)ϕf,g
⇒
||
ϕ(g)

•
ϕ(f)

•
(A.7)
A.9.2 Pseudo-natural transformations
Given two pseudofuntors
ϕ,ψ : C  T ,
a pseudo natural transformation α : ϕ −→ ψ is a olletion of maps
αX : ϕ(X) −→ ψ(X)
for all X in C and for all maps f : X −→ Y in C, a olletion of traks
αf : αY ϕ(f)⇒ ψ(f)αX ,
suh that
• for all f, g : X −→ Y in C and all traks γ : f ⇒ g, pasting in diagram (A.9) yields αg,
• for any omposable maps
X
f
−→ Y
g
−→ Z
in C, pasting in the diagram (A.10) yields αfg,
• for all X in C, pasting in the diagram (A.11) yields the identity trak 0αX .
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Let α : ϕ −→ ψ and β : ψ −→ ξ be two pseudo natural transformations. We dene the omposite
pseudo natural transformation
βα : ϕ −→ ξ
as the assignment
(βα)X = βXαX : ϕ(X) −→ ξ(X)
for all X in C, and for all maps f : X −→ Y in C the traks
(βα)f : βY αY ϕ(f)⇒ ψ(f)βXαX
are given by pasting in diagram (A.8).
The fat that βα is again a pseudo natural transformation is straightforward, as well as the fat
that this omposition is assoiative. Moreover, for all pseudofuntor ϕ : C  T , there is an identity
pseudo natural transformation 1ϕ : ϕ −→ ϕ for the omposition of pseudo natural transformations,
for whih all maps (1ϕ)X : ϕ(X) −→ ϕ(X) are identities, and all traks (1ϕ)f : ϕ(f) ⇒ ϕ(f) are
identity traks.
ϕ(X)
ϕ(f) //
αX

⇓αf
ϕ(Y )
αY

ψ(X)
βX

ψ(f) //
⇓βf
ξ(X)
βY

ξ(x)
ξ(f) // ξ(Y )
(A.8)
Proposition A.10 Let C be a small trak ategory and T be any trak ategory. Then the
pseudofuntors C  T and their pseudo natural transformations build a ategory denoted by
Pseudo(C,T ).
⇓ϕ(γ)⊟
ϕ(X)
ϕ(g)

ϕ(f) //
αX

⇓αf
ϕ(Y )
αY

ψ(X)
ψ(g)
??
ψ(f) // ψ(Y )
⇓ϕ(γ)
(A.9)
ϕ(X)
ϕ(gf)
##
ϕ(f) //
αX

⇓ϕ⊟g,f
⇓αf
ϕ(X)
ϕ(g) //
αY

⇓αg
ϕ(Z)
αZ

ψ(X)
⇓ψg,f
ψ(gf)
;;
ψ(f) // ψ(Y )
ψ(g) // ψ(Z)
(A.10)
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⇓ϕX
⊟
ϕ(X)
1ϕ(X)

ϕ(1X ) //
αX

⇓α1X
ϕ(X)
αX

ψ(X)
1ψ(X)
??
ψ(1X ) // ψ(X)
⇓ψX
(A.11)
A.10.1 The trak ategory of pseudofuntors
Let C be a small trak ategory and T be any trak ategory. Let α, β : ϕ −→ ψ be a morphism
in Pseudo(C, T ). A trak H : α⇒ β is a olletion of traks
HX : αX ⇒ βX
for all X ∈ C, suh that
• for all f : X −→ Y in C, pasting in diagram (A.12) yields βf ,
• for all X in C, pasting in diagram (A.13) yields β1X ,
ϕ(X)
⇒
H⊟
X
βX
%%
ϕ(f) //
αX

//
⇓αf
ϕ(Y )
αY

⇒
HY
βY
yy
ψ(X)
ψ(f) // ψ(Y ) .
(A.12)
ϕ(X)
⇒
H⊟
X
βX
%%
ϕ(1X ) //
αX

⇓α1X
ϕ(X)
αX

⇒
HY
βY
yy
ψ(X)
ψ(1X )
// ψ(X)
(A.13)
The traks of pseudo natural transformations Pseudo(C,T ) are atually the 2-morphisms of a
trak struture on Pseudo(C, T ).
Proposition A.11 Let C be a small trak ategory and T be any trak ategory. Then the pseud-
ofuntors C  T , their pseudo natural transformations, and traks of pseudo natural transforma-
tions give Pseudo(C,T ) the struture of a trak ategory.
A.12 Basi results on pseudofuntors (after [BM℄)
Let C and T be two trak ategories and ϕ : C  T a pseudofuntor.
The pseudofuntor ϕ is redued if
ϕ(idX) = idϕ(X) and ϕ(0

X) = 0

ϕ(X)
for all objets X in C.
We now assume that C and T have a strit zero objet. The pseudofuntor ϕ is normalized at
zero maps if
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• ϕ(∗) = ∗,
• ϕ(∗X,Y ) = ∗ϕ(X),ϕ(Y ),
• ϕf,∗ = ϕ∗,f is the trivial trak of the zero map.
Pseudofuntor redued and normalized at zero objets are alled ompletely redued.
Proposition A.13 Let ϕ : C  T be a pseudofuntor. We onsider a olletion of traks ξ =
{ξf : ϕ(f)⇒ ϕ
f}f∈Mor C. The orrespondene ϕ
ξ
that assoiates to objets X in C
X 7−→ ϕξ(X) = ϕ(X) ,
to maps f : X −→ Y in C
f 7−→ ϕξ(f) = ϕf ,
to traks α : f ⇒ g
ϕξ(α) = ξgϕ(α)(ξf )
⊟
together with the traks
ϕξf,g = ξfgϕf,g(ξ
⊟
f , ξ
⊟
g ),
and
ϕξX = ϕXξ
⊟
1X
dene
• a pseudofuntor ϕξ, and
• a pseudo natural transformation tξ : ϕ −→ ϕ
ξ
that is the identity of objets.
Moreover,
• given a seond olletion ξ′ = {ξ′f : ϕ
f ⇒ (ϕ′)f}f∈Mor C , we may onsider the olletion
ξ′ ∗ ξ = {(ξ ∗ ξ′)f : ϕ
f ⇒ (ϕ)f ⇒ (ϕ′)f}f∈Mor C. W)e have
tξ′ tξ = tξ′∗ξ.
• if C and T have strit oproduts (resp. produts), and ϕ : C −→ T is oprodut (resp. prod-
ut) preserving, then ϕξ is again oprodut (resp. produt) preserving and tξ is a oprodut
(resp. produt) preserving pseudo natural transformation.
The proof of this proposition is straightforward, and yields easily the following orollaries.
Corollary A.14 Any pseudofuntor ϕ : C −→ T is naturally homotopi to a redued pseudo-
funtor. If C and T have strit oproduts (resp. produts), and ϕ : C −→ T is oprodut (resp.
produt) preserving, then ϕξ is naturally homotopi to a redued oprodut (resp. produt) preserv-
ing pseudofuntor through a oprodut (resp. produt) preserving pseudo natural transformation.
Corollary A.15 Any pseudofuntor suh that ψ(∗) = ∗ is naturally isomorphi a ompletely
redued pseudofuntor. If C and T have strit oproduts (resp. produts), and ϕ : C −→ T
is oprodut (resp. produt) preserving, then ϕξ is naturally homotopi to a ompletely redued
oprodut (resp. produt) preserving pseudofuntor through a oprodut (resp. produt) preserving
pseudo natural transformation.
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